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Abstract
The experimental temperature dependence (T = 2–300 K) of single crystal bulk and site
susceptibilities of rare earth titanate pyrochlores R2Ti2O7 (R = Sm, Eu, Gd, Tb, Dy, Ho, Er,
Yb) is analyzed in the framework of crystal ﬁeld theory and a mean ﬁeld approximation.
Analytical expressions for the site and bulk susceptibilities of the pyrochlore lattice are derived
taking into account long range dipole–dipole interactions and anisotropic exchange interactions
between the nearest neighbor rare earth ions. The sets of crystal ﬁeld parameters and
anisotropic exchange coupling constants have been determined and their variations along the
lanthanide series are discussed.
(Some ﬁgures in this article are in colour only in the electronic version)
1. Introduction
Magnetic properties of crystals containing rare earth ions
residing on a network of corner sharing tetrahedra (pyrochlore
lattice) have been extensively studied during recent years.
The pyrochlore lattice belongs to the class of geometrically
frustrated systems where interactions between magnetic ions
cannot be minimized simultaneously. The rare earth titanates
R2Ti2O7 with the cubic Fd¯ 3m space group have such an
arrangement of rare earth ions, R3+ [1], and, as a consequence
ofthegeometricfrustration, exhibita largevarietyofintriguing
equilibrium and dynamic magnetic properties (for a review
see [2]). Rather speciﬁc magnetic structures of the ordered
states in Gd2Ti2O7 and Er2Ti2O7, spin ice properties of
Dy2Ti2O7 and Ho2Ti2O7, spin liquid behavior of Tb2Ti2O7
and the ﬁrst order transition of spin dynamics in Yb2Ti2O7
have been discovered so far. To better understand these exotic
magnetic properties, i.e. the time and space dependencies
4 Present address: Pennsylvania State University, 254 MRL building,
University Park, PA 16802, USA.
of spin correlations, knowledge of microscopic mechanisms
of interactions between paramagnetic ions is of primary
importance.
Measurement of the dc-magnetic susceptibility (deter-
mined as a ratio of the induced magnetization to the cor-
responding weak external magnetic ﬁeld) is a conventional
tool to obtain information about the electronic structure of
a magnetic system and of the magnetic interactions between
paramagnetic ions. The temperature dependence of the
isotropic susceptibilities of polycrystalline and single crystals
of rare earth titanates have been presented in a number of
recent publications(R = Sm [3], Eu[4], Gd[5–10], Tb [8–16],
Dy [8, 9, 17–20], Ho [8, 9, 11, 20–23], Er [8, 11, 18, 24],
Yb [8, 11, 17, 18, 25, 26]). As a rule, the experimental
data were analyzed using the Curie–Weiss law leading to
estimations of the effective isotropic exchange coupling con-
stant. Recently, the temperature dependence of the anisotropic
site susceptibilities of R3+ ions in R2Ti2O7 (R = Tb, Ho,
Er, Yb) were measured using polarized neutron diffraction
experiments. These experimental results were interpreted
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within the framework of a crystal ﬁeld theory and a mean ﬁeld
approximation by introducing effective anisotropic molecular
ﬁeld tensors [27].
Despite a number of published theoretical and experi-
mental studies of the magnetic susceptibility of rare earth
compounds with the pyrochlore structure, the exact relation
between the bulk (macroscopic) and single ion (microscopic)
susceptibilities, that should account for dipolar and exchange
interactions between the rare earth ions, has not been presented
in the literature. In section 2 of the present paper, we
derive such a relation in the framework of a single site mean
ﬁeld approximation. To facilitate a detailed comparison of
the results of calculations with experimental data, the dc-
susceptibility of single crystalline Tb, Ho, Gd and Dy titanate
was measured in the temperature range 2–300 K (section 3).
Anisotropic single ion susceptibilities were computed using
sets of crystal ﬁeld parameters (CFP) obtained from calcula-
tions in the framework of the exchange charge model [28] and
from a systematic analysis of the available data on spectral
and magnetic properties of rare earth titanate pyrochlores.
Parameters of the anisotropic exchange interaction between
the nearest neighbor R3+ (R = Gd, Tb, Dy, Ho, Er) ions
have been determined through ﬁtting the calculated bulk
and site susceptibilities (section 4) to the experimental data.
Conclusions are given in section 5.
2. Theoretical background
The pyrochlore lattice has a rhombohedral primitive unit
cell with translation vectors a1 = a(1/2 1/2 0), a2 =
a(1/2 0 1/2), a3 = a(0 1/2 1/2) and contains four
magnetically nonequivalent face-centered R-sublattices with
the basis vectors r1 = a(111)/8, r2 = a(¯ 1 ¯ 1 1)/8, r3 =
a(¯ 1 1 ¯ 1)/8 and r4 = a(1 ¯ 1 ¯ 1)/8, where a is the lattice constant
which varies approximately linearly with the ionic radius of
the R-ion (at room temperature a = 1.02056 nm (R = Sm);
a = 1.00325 nm (R = Yb)) [1]. The point symmetry group at
the R-site is D3d, the trigonal symmetry axis is oriented along
the corresponding basis vector. In this section, we consider
a linear response of the R-sublattice to the external magnetic
ﬁeld B.
In the absence of an external ﬁeld, the Hamiltonian of rare
earth ions in a crystal has the following form:
H =
X
Kn
Hs(Kn) + 1
2
X
KnK0n0
m(Kn)Λ(Kn, K 0n0)m(K 0n0).
(1)
Here Hs(Kn) is the Hamiltonian of an ion in the unit cell
K belonging to the sublattice n with the magnetic moment
operator m (Kn), the second term corresponds to magnetic
interactions between ions. The magnetic moment operator of a
rare earth ion is given by the expression m = µB
P
(l + 2s),
where the sum is taken over 4f electrons with the orbital
momentum operator l and spin operator s, µB is the Bohr
magneton. In the framework of the mean ﬁeld approximation,
the effective Hamiltonian of a single ion can be written as
Heff,s(Kn) = H0(Kn) + HCF(Kn) − m(Kn)B
(l)
n , (2)
where H0 is the Hamiltonian of a free ion, B(l)
n is the internal
local magnetic ﬁeld. The crystal ﬁeld Hamiltonian HCF(Kn)
for the ground 4fN electronic conﬁguration of rare earth ions in
the pyrochlore lattice is determined by six real CFP B
q
p. In the
local Cartesian system of coordinates with the Zn axis along
the corresponding crystal ternary axis and the local Xn axis in
the plane containing the crystal z-axis and the basis vector rn,
the crystal ﬁeld Hamiltonian reads
HCF = B2
0C
(2)
0 + B4
0C
(4)
0 + B6
0C
(6)
0 + B4
3(C
(4)
3 − C
(4)
−3)
+ B6
3(C
(6)
3 − C
(6)
−3) + B6
6(C
(6)
6 + C
(6)
−6) (3)
with C
(p)
q the spherical tensor operators of rank p. In the
presence of an external magnetic ﬁeld B, the local magnetic
ﬁeld introduced in equation (2) equals
B(l)
n = B −
X
K0n0
Λ(0n, K 0n0)hm(n0)i, (4)
where the brackets h···i indicate thermal averaging with
the Hamiltonian (2). The tensor Λ contains two terms
correspondingtomagneticdipole–dipole(Λ(dip))andexchange
(Λ(ex)) interactions approximated by bilinear forms of
magneticmomentsofthe nearest neighbor rare earth ionsat the
distance rnn = a
√
2/4 ∼ 0.36 nm. The dipolar contribution
equals
3
(dip)
αβ (Kn, K
0n
0)
=
1
r3
Kn,K0n0
[δαβ − 3ηα(Kn, K
0n
0)ηβ(Kn, K
0n
0)], (5)
where δαβ is the Kronecker delta, α and β refer to the
x, y,z Cartesian components of B(l) and hmi, and rKn,K0n0
is the vector connecting two ions with the directional cosines
ηα(Kn, K0n0). According to the crystal lattice symmetry, the
tensor Λ(ex) can be deﬁned by three independent elements
which couple the magnetic moment components along (λk)
and normal (λ⊥,1,λ⊥,2) to the bond direction, respectively.
In particular, the Hamiltonian of the exchange interaction
between the nearest neighbor rare earth ions belonging to the
ﬁrst and second sublattices can be written as (in this case
there are two superexchange paths which involve the common
nearestneighboroxygenionsshiftedalongthecrystallographic
[001] axis by ∼0.17 nm and ∼−0.13 nm, respectively, from
the middle of the bond vector r1,2 = a(1,1,0)/4)
Hexch(1,2) = −λkmz0(1)mz0(2) − λ⊥,1mx0(1)mx0(2)
− λ⊥,2my0(1)my0(2), (6)
here the z0-axis is parallel to the bond vector r1,2, x0 k [001],
y0 k [1,−1,0]. Now we can present the local magnetic ﬁeld
(equation (4)) in the following form:
B(l)
n = B − Bd +
X
n0
Q(n,n0)hm(n0)i
+ λk
X
p
(r
−
n,n0(p) ·hm(n
0(p))i)r
−
n,n0(p)/(r
−
n,n0(p))
2
+ λ⊥,1
X
p
(r
+
n,n0(p) ·hm(n0(p))i)r
+
n,n0(p)/(r
+
n,n0(p))2
+ λ⊥,2
X
p
(Rn,n0(p) ·hm(n0(p))i)Rn,n0(p)/(Rn,n0(p))2,
(7)
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wherethesixR3+ ionsnearesttotheR3+ ionatthesite(K = 0,
n) are labeled by the index p, rn0(p) is the basis vector of the
correspondingsublattice, r
±
n,n0(p) = rn±rn0(p), Rn,n0(p) = rn×
rn0(p), Bd isthedemagnetizingﬁeld, and thecomponentsofthe
tensor Q are the corresponding dipole lattice sums (Lorentz
factors). These sums were computed by the Ewald method
in the crystallographic system of coordinates, in particular,
the nonzero components of the tensors Q(n,n) and Q(1,2)
equal: Qαβ(n,n) = δαβ, Qxx(1,2) = Qyy(1,2) = 2.0346,
Qxy(1,2) = 3.4522, Qzz(1,2) = −1.0692 (in units of
4π/3v, v = a3/4 is the unit cell volume). Below we
assume that a sample has an ellipsoid shape with one of its
principal axes along the external magnetic ﬁeld. In this case
the demagnetizing ﬁeld is:
Bd =
4πN
3vB2
X
n
(hm(n)i ·B)B, (8)
where N is the corresponding demagnetizing factor, which for
a spherical sample equals unity.
The single ion susceptibility tensor χs is diagonal in the
local system of coordinates. Components of average magnetic
moments equal (kB is the Boltzmann constant)
hm(n)Zi =
Tr[mZ exp(−Heff,s(n)/kBT)]
Tr[exp(−Heff,s(n)/kBT)]
= χs
kB
(l)
n,Z, (9)
hm(n)Xi = χs
⊥B
(l)
n,X, hm(n)Yi = χs
⊥B
(l)
n,Y (10)
(here and below we drop the sublattice subscript for local
coordinate axes). To obtain the explicit relation between
the bulk and single ion susceptibilities, let us assume that
the magnetic ﬁeld B is parallel to the crystallographic z-
axis, the symmetry axis of fourth order. In this case, there
are only two independent variables, hm(n)Zi = hmZi and
hm(n)Xi = hmXi (hm(n)Yi = 0). The components of single
ion magnetic moments in the crystallographic frame equal
hm(n)zi = (hmZi +
√
2hmXi)/
√
3; hm(1)xi = hm(1)yi =
−hm(2)xi = −hm(2)yi = hm(3)xi = −hm(3)yi =
−hm(4)xi = hm(4)yi = (
√
2hmZi − hmXi)/
√
6. Taking into
account exchange interactions of each ion with its six nearest
neighbors, we obtain components of the local magnetic ﬁelds
from equation (7). In particular,
B(l)
nz = B +
2
√
3
￿￿
λk + λ⊥,1 + λ⊥,2 +
8π
3v
(1 − N)
￿
(hmZi
+
√
2hmXi) + (λk − λ⊥,2 + q)
￿
hmZi −
1
√
2
hmXi
￿￿
,
(11)
B
(l)
1x = B
(l)
1y =
1
√
3
￿
(−λk − 2λ⊥,1 + λ⊥,2 − p)
×
￿
hmZi −
1
√
2
hmXi
￿
+ (λk − λ⊥,2 + q)
× (hmZi +
√
2hmXi)
￿
, (12)
here q = Qxy(1,2) and p = Qxy(1,2) + Qzz(1,2) −
Qzz(1,1) = 1.383(4π/3v). Components of the local ﬁeld
affecting ions at the sites of the sublattice n = 1 in the local
frame equal B
(l)
1Z = (B
(l)
1z + 2B
(l)
1x)/
√
3, B
(l)
1X =
√
2(B
(l)
1z −
B
(l)
1x)/
√
3. Now, using the deﬁnitions (9) and (10) of the single
ion susceptibilities, we obtain a system of two coupled self-
consistent linear equations relating hmZi and hmXi:
hmZi = χs
k
￿
1
√
3
B + AhmZi +
√
2DhmXi
￿
, (13)
hmXi = χ
s
⊥
"√
2
√
3
B +
√
2DhmZi + FhmXi
#
, (14)
where
A =
2
3
￿
2λk − λ⊥,1 + 2q − p +
8π
3v
(1 − N)
￿
, (15)
D =
1
3
￿
4(λk + λ⊥,1) + q + p +
16π
3v
(1 − N)
￿
, (16)
F =
1
3
￿
2λ⊥,1 + 9λ⊥,2 − λk − 4q − p +
32π
3v
(1 − N)
￿
.
(17)
The expressions for effective single ion longitudinal and
transversal susceptibilities are easily obtained from equa-
tions (13) and (14):
χk =
hm(n)Zi
B
√
3
=
χs
k
1
[1 + (3λk + 2λ⊥,1 − 3λ⊥,2 + 2q + p)χ
s
⊥], (18)
χ⊥ =
hm(n)Xi
B
r
3
2
=
χs
⊥
1
[1 + (2λ⊥,1 + p − q)χs
k], (19)
where
1 = 1 − Aχ
s
k − Fχ
s
⊥ + χ
s
kχ
s
⊥(AF − 2D
2). (20)
The isotropic bulk susceptibility (per R-mole) equals
χ =
hm(n)zi
B
NA =
NA
3
(χk + 2χ⊥)
=
NA
31
[χs
k + 2χs
⊥ + 3(λk + 2λ⊥,1 − λ⊥,2 + p)χs
kχs
⊥], (21)
where NA is the Avogadro number. Expression (21)
generalizes the result derived in [29].
We can simplify the expression (21) for the case of
high temperatures, when the thermal excitation energy kBT is
much higher than the total crystal ﬁeld splitting of the ground
multipletof a rare earth ionwiththe totalangular momentum J
and the Lande factor gJ. In this case single ion susceptibilities
equal [30] χs
αα = Tr[m2
α(1 − HCF/kBT)]/[(2J + 1)kBT] +
O(1/T 3). Substituting χs
ZZ and χs
XX for χs
k and χs
⊥,
respectively,inequations(20)and(21), andtakingintoaccount
the identities TrHCF = 0, m2
X + m2
Y + m2
Z = µ2
eff =
(gJµB)2J(J + 1), we obtain the bulk susceptibility
χ = NA
C
T
×
[1 + (λk + 2λ⊥,1 − λ⊥,2 + p)C
T + O(1/T 2)]
[1 − (λk + 3λ⊥,2 − p + 16π
3v (1 − N))C
T + O(1/T 2)]
,
(22)
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Figure 1. Measured (symbols) and calculated (solid curve) inverse
bulk susceptibility of Gd2Ti2O7. Inset (a) shows the data below 25 K.
Inset (b): calculated components of the single ion (dashed curves)
and the renormalized site susceptibility (solid curves) tensors.
where C = µ2
eff/3kB is the Curie constant. Up to terms of
the second order in (1/T), this expression corresponds to the
Curie–Weiss law χ = NA
C
T−θW, where θW = θW,ex + θW,dip is
the Weiss temperature, and
θW,dip =
µ2
eff
3kB
16π(1 − N)
3v
, (23)
θW,ex =
2µ2
eff
3kB
(λk + λ⊥,1 + λ⊥,2). (24)
The expression for the dipolar contribution θW,dip to the Weiss
temperature agrees with the result obtained in [12]. Note
that the exchange contribution to the Weiss temperature (24)
depends only on the ‘isotropic’ combination of exchange
constants λis = (λk + λ⊥,1 + λ⊥,2)/3.
According to equation (21), the bulk susceptibility, as
well as the renormalized single ion susceptibilities χk and
χ⊥, diverges when the denominator 1 (see equation (20))
equalszero. Thisdivergence signalsthepossibilityofmagnetic
ordering at low temperatures. However, it is well known that
the mean ﬁeld approximation fails at low temperatures when
the energies of thermal excitations kBT become comparable
to the energies of magnetic interactions between paramagnetic
ions. The magnetic ordering can be destroyed by quantum
spin ﬂuctuations (see the review [2] and references therein), by
random crystal ﬁelds due to crystallographic inhomogeneities,
by hyperﬁne interactions between 4f electrons and the nuclear
magnetic moment of a rare earth ion [31] or by quadrupole or
pseudo-quadrupole (induced by the virtual phonon exchange)
interactions between rare earth ions [32].
3. Experimental results
Magnetic susceptibilities were measured in the temperature
range from 2 to 300 K using a Quantum Design MPMS
magnetometer equipped with a superconducting quantum
Figure 2. Measured (symbols) and calculated (solid curve) inverse
bulk susceptibility in Tb2Ti2O7 single crystal (the disk with the
demagnetizing factor N = 1.92). Inset: site susceptibilities
measured in [27] (symbols) and calculated single ion susceptibilities
in the crystal ﬁeld (dotted curves 1), renormalized susceptibilities
due to dipole–dipole interactions (dotted curves 2) and due to
dipole–dipole and anisotropic exchange interactions (solid curves).
interference device (SQUID). Samples were prepared by
cutting discs of approximately 5 mm (Dy2Ti2O7, Ho2Ti2O7)
or 4 mm (Gd2Ti2O7, Tb2Ti2O7) diameter and 1 mm thickness
from single crystals grown using the ﬂoating zone technique
(see [9] for details), which were subsequently placed in a
gelcap and ﬁxed in position. The Dy and Ho samples were
mounted such that the applied magnetic ﬁeld of 0.05 T was
in the plane of the discs, while the Gd and Tb samples were
oriented such that the applied ﬁeld, 0.01 T in these cases, was
normal to the disc plane. Following zero-ﬁeld cooling down
to 2 K, each sample’s magnetic susceptibility was measured
as a function of increasing temperature. The corresponding
demagnetizing factors N = 0.46 (Dy, Ho samples) and 1.92
(Gd, Tb samples) were estimated usingthe calculated values of
N for cylindrical samples [33] (the relative errors in the values
of dipolar contributions to the Weiss temperature introduced
by assuming a uniform demagnetizing ﬁeld in the discs do not
exceed 10% [34]).
The results of measurements are presented in ﬁgures 1–4.
Our data are in good agreement with the previous work [8]
but do not match exactly the obtained earlier temperature
dependencies. This is most likely due to variations in the shape
ofthe samplesusedinprevious studies,which were notdeﬁned
in the most of the previous publications.
4. Discussion
We analyzed the results of our measurements as well as the
earlier published data on dc-susceptibilities and optical spectra
of rare earth titanate pyrochlores by ﬁtting the crystal ﬁeld and
exchange interaction parameters. The temperature dependence
of the single ion susceptibilities χs
k and χs
⊥ was computed
according to deﬁnitions (9) and (10). The electrostatic, spin–
orbit, electrostatic conﬁguration and correlated spin–orbit and
spin–spin interactions were accounted for in the free ion
Hamiltonian H0, the corresponding parameters Fn, ζ, α, β,
γ, T k, Pn, Mn were taken from the literature [35]. The
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Figure 3. Measured (symbols) and calculated (solid curves) inverse
bulk susceptibility of Dy2Ti2O7. Inset (a) shows the data below 20 K.
Inset (b)—calculated components of the site susceptibility tensor
(dotted curves 1—single ion susceptibilities in the crystal ﬁeld,
dotted curves 2 and solid curves—renormalizedsusceptibilities due
to dipole and dipole + exchange interactions, respectively).
Table 1. Crystal ﬁeld parameters (in units of cm−1) for R2Ti2O7.
R
Bq
p Sm Eu Tba Dy Ho Er
B2
0 230 400 438 (528) 412 539 635
B4
0 2985 2790 2555 (2155) 2470 2440 2400
B4
3 785 750 740 (821) 730 716 685
B6
0 700 800 842 (710) 810 805 762
B6
3 −630 −650 −630 (−638) −600 −618 −460
B6
6 1000 920 820 (788) 830 838 720
a Data in brackets correspond to Tb2Sn2O7.
sets of CFP used in calculations are presented in table 1.
Earlier the CFP for rare earth titanates were estimated in
the framework of the exchange charge model [28]. In the
present work, the results of these calculations have been
corrected to ﬁt the available spectral data and the measured
temperature dependence of the dc-susceptibilities. The crystal
ﬁeld energy levels of non-Kramers ions (Eu3+, Tb3+, Ho3+)
are classiﬁed below according to irreducible representations
A1, A2 (singlets) and E (doublets with g-factors gk 6= 0,
g⊥ = 0) of the D3d symmetry group, doublet states of Kramers
ions (Sm3+, Gd3+, Dy3+, Er3+, Yb3+) with the odd number
of 4f electrons correspond to irreducible representations 04
(gk 6= 0, g⊥ 6= 0) and 056 (gk 6= 0, g⊥ = 0). Each
system containing rare earth ions with the ground electronic
conﬁguration 4fN (N = 5:13) is considered separately below.
We begin from the analysis of the experimental data obtained
in the current work and then we discuss the literature data for
the Sm, Eu, Er and Yb titanates.
4.1. Gd2Ti2O7
The ground state 8S7/2 of the free Gd3+ ion is split into
four doublets in the crystal ﬁeld of D3d symmetry. Since
Figure 4. Measured (symbols) and calculated (solid curves) inverse
bulk susceptibility of Ho2Ti2O7. Inset (a) shows the data below 20 K.
Inset (b)—measured in [27] (symbols) and calculated components of
the site susceptibility tensor.
we expect a monotonous variation of the CFP along the
lanthanide series in isomorphic compounds, we have estimated
the CFP for the Gd3+ ions with the 4f7 conﬁguration as
average values of the CFP for the 4f6 and 4f8 conﬁgurations
in Eu and Tb titanates (see table 1), respectively. Numerical
diagonalization of the Hamiltonian H0 + HCF operating in
the Hilbert space of the 4f7 conﬁguration brings a total
splitting of 0.5 cm−1 for the 8S7/2 state that is about half
that of the measured value of this splitting in the diluted
system Y2Ti2O7:Gd [36]. More important is the fact that
the obtained easy axis anisotropy contradicts the results of
EPR studies [36]. It is highly plausible that charge transfer
effects and conﬁguration interactions should be taken into
account explicitly to describe correctly the magnetic properties
of S-state ions. In the present work, to calculate single ion
susceptibilities, we used a semi-phenomenological approach
based on the introduction of the effective spin-Hamiltonian
operating in the space of the spin S = 7/2 wavefunctions. The
parameters of the spin-Hamiltonian were determined in [36].
The temperature dependence of the single crystal
susceptibility measured in the present work (see ﬁgure 1)
agrees qualitatively with the data for the polycrystalline
samples published earlier [5, 6]. At high temperatures, T >
10 K, the bulk susceptibility is described by the Curie–Weiss
law. The measured Weiss temperature for the single crystal,
θW = −10.3 K, is close to values of −9.4 K [6], −9.6 K [5],
−9.9 K [7] found earlier for polycrystalline samples.
Because only the ground multiplet 8S7/2 with the zero
orbital moment is populated at any physically meaningful
temperature, we have good reasons to assume the isotropic
Heisenberg exchange interaction Hexch = −JS1S2 for the
nearest neighbor Gd3+ ions. According to deﬁnition (6), in
this case λk = λ⊥,1 = λ⊥,2 = λis, and the exchange
coupling constant equals J = (2µB)2λis. For the sample
studied, the calculated dipolar contribution θW,dip into the
Weiss temperature equals −0.763 K, and thus the exchange
contribution equals θW,ex = θW − θW,dip = −9.537 K.
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Table 2. Calculated and measured (in brackets) crystal ﬁeld energies (cm−1) of the R3+ ions in Tb2Ti2O7, Dy2Ti2O7 and Er2Ti2O7.
Tb
3+ (7F6) Tb
3+ (7F5) Dy
3+ (6H15/2) Er
3+ (4I15/2)
E 0 E 2067.7 (2068.6a) 056 0 04 0
E 11.5 (12.1a) A2 2112.7 (2114.9a) 04 194 056 51.7 (51.2b)
A2 77 (84.3a) E 2209.6 (2207.4a) 056 287 (287c) 04 58.2 (59.1b)
A1 119 (118.8a) E 2317.1 — 04 292 04 125 (123.2b)
E 281 A2 2373.4 (2375.2a) 04 390 04 411
A2 319 E 2481.4 — 04 592 056 429
A1 322 A1 2545.8 (2565.2a) 04 665 04 466
E 438 056 682 056 696
A1 510
a Reference [38]. b Reference [50, 51]. c Reference [9, 39].
Using equation (24), we obtain λis = −0.112 T/µB, the
corresponding exchange coupling constant J/kB = −0.306 K
is close to the value −0.32 K obtained earlier from the analysis
of magnetization measurements in [37]. The speciﬁc feature
of the Gd3+ ions revealed from calculations is the change of
the sign of the magnetic anisotropy (from the easy plane to the
easy axis) at low temperatures due to strong renormalization
of the single ion susceptibilities (see inset (b) in ﬁgure 1).
This effect needs experimental veriﬁcation. It should be noted
that the predicted change of sign of the magnetic anisotropy
in Gd2Ti2O7 as compared with the single ion planar magnetic
anisotropy of impurity Gd3+ ions in Y2Ti2O7 may play an
essential role in the formation of unconventional magnetic
structure in gadolinium titanate [2].
4.2. Tb2Ti2O7
We calculated single ion susceptibilities of the Tb3+(4f8) ions
in Tb2Ti2O7 using a slightly corrected set of CFP (table 1)
presented earlier in [28]. Computed crystal ﬁeld energies
for the two lower multiplets of the Tb3+ ion agree well
with the data obtained from neutron and Raman scattering
measurements (see table 2) [9, 15, 38]. Note that there is
an essential mixing of 7FJ multiplets in the crystal ﬁeld,
and we have used the total basis of 3003 states of the 4f8
conﬁguration in the calculations of the crystal ﬁeld energies
and corresponding wavefunctions. The calculated gk-factors
of the ground and the ﬁrst excited non-Kramers doublets equal
11.07 and 14.16, respectively. It is interesting to note that
it is not necessary to change drastically this set of CFP (in
particular, to change the sign of B6
0 [15]) when considering
magnetic properties and the energy spectrum of the Tb3+
ions in the closely related compound Tb2Sn2O7. According
to calculations of the CFP for Tb2Sn2O7 in the framework
of the exchange charge model, B4
0 and B6
0 decrease and the
modulus of B4
3 increases relative to the corresponding CFP
for Tb2Ti2O7, and parameters B6
3 and B6
6 are almost the same.
The obtained set of CFP (see table 1) brings approximately the
same energies of the lower four energy levels as in Tb2Ti2O7
but with the repositioned ground and ﬁrst excited doublets (gk
equals 13.5 and 10.5, respectively).
Thecalculated singleionsusceptibilitiesdiffer remarkably
at low temperatures from the site susceptibilities measured
in [27] (ﬁgure 2, inset (b)). Renormalization due to the
magnetic dipole–dipole interactions enhances the differences.
The calculated site susceptibilities (18) and (19) match
satisfactorily the experimental data at temperatures T > 5 K
when introducing anisotropic exchange interactions with the
coupling constants λk = −0.079 T/µB and λ⊥ = λ⊥,1 =
λ⊥,2 = −0.06 T/µB. We have used the demagnetizing factor
N = 1.92inourcalculations, andrelativelysmalluncertainties
of the values of coupling constants may be expected because
the shape of single crystals used in the neutron scattering
experiments has not been mentioned in [27]. Also, it should
be noted that magnetic moments of the Tb3+ ions have been
measured in an external magnetic ﬁeld large enough (1 T)
to induce remarkable magnetoelastic effects which are not
accounted for in calculations. The curves in the inset (b)
in ﬁgure 2 correspond to the calculated components of Tb3+
magneticmomentsinthemagnetic ﬁeld B = 1Tappliedalong
the C4 symmetry axis. The measured temperature dependence
of the bulk susceptibility of the single crystal at temperatures
T > 2 K is well described by expression (21) when using the
calculatedsingleionsusceptibilitiesandtheexchange coupling
constants presented above (see ﬁgure 2).
4.3. Dy2Ti2O7
We cannot determine the CFP for Dy2Ti2O7 unambiguously
because there is no authentic experimental identiﬁcation of any
excited crystal ﬁeld level of the Dy3+ ions with the ground
4f9 conﬁguration except, maybe, a level at the energy of
287 cm−1 [9, 39]. The set of CFP used in our calculations (see
table 1) was obtained by interpolation of the data for the 4f8
(Tb2Ti2O7) and 4f10(Ho2Ti2O7) conﬁgurations with additional
corrections to ﬁt the crystal ﬁeld excitation mentioned above.
The calculated energies of the crystal ﬁeld sublevels of the
ground multiplet 6H15/2 are given in table 2. The obtained
energies of the lower excited states do not contradict the
activation energies for the magnetic relaxation (188 and
282 cm−1) determined in [40, 41]. The lower value of the
activation energy (145 cm−1) that has been determined from
muonspinrelaxation(µSR)measurements[42]maybearesult
of local perturbations of the crystal ﬁelds at the dysprosium
sites nearest to the trapped muons.
The ground state of the Dy3+ ion is an Ising type doublet
with g-factors gk = 19.09 and g⊥ = 0 well separated by a
gap δE = 280 K from excited energy levels. The additional
adjustable parameter, the orbital reduction factor k [43], with
the reasonable ﬁnal value of k = 0.95 was introduced into
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the magnetic moment operator m = µB
P
(kl + 2s) to ﬁt the
measured bulk susceptibility at temperatures T > 250 K. The
single ion susceptibilities at low temperatures (kBT ￿ δE)
are χs
k = (gkµB)2/4kBT + χV
k and χs
⊥ = χV
⊥, where χV
k <
0.002 µB T−1 and χV
⊥ = 0.0258µB T−1 are the corresponding
Van Vleck susceptibilities. Thus, for temperatures T < 50 K,
we can neglect the Van Vleck terms and describe the bulk
susceptibility by the Curie–Weiss expression with the Weiss
temperature (see equations (20) and (21))
θW = 2
Jnn
kB
+
(gkµB)2
6kB
￿
2q − p +
8π
3v
(1 − N)
￿
, (25)
where Jnn = (2λk − λ⊥,1)(gkµB/2)2/3 is the exchange
energy for the two nearest neighbor ions introduced earlier
in [44]. The dipolar contribution (the second term on the right-
hand side in expression (25)), θW,dip = 4π(gkµB)2(3.7607 −
N)/9vkB, where 0 6 N 6 3, is always positive and competes
with the contribution from the antiferromagnetic (Jnn < 0)
exchange interaction. Using the results of our measurements
(see ﬁgure 3), we determined θW = 0.7 K. This value agrees
with the data for polycrystalline samples [8] but is less than the
values, 1.16–1.31 K, obtained in [19] for a single crystal with
N = 1.2. Substituting the known value of the demagnetizing
factor, the measured θW and the calculated g-factor gk into the
expression (25), we estimated the exchange energy Jnn/kB =
−1.66 K. However, from ﬁtting of the measured temperature
dependence of the bulk susceptibility in the larger range of
temperatures, 10 K < T < 300 K, we obtained the exchange
coupling constants λk = −0.044 T/µB, λ⊥,1 = λ⊥,2 =
−0.016 T/µB, and the corresponding slightly lower value
of the exchange energy Jnn/kB = −1.465 K. The obtained
ratio Jnn/Dnn = −0.71, where Dnn = (5/3)(gkµB/2)2/r3
nn
is the energy of the dipole–dipole interaction between the
nearest neighbor ions at low temperatures (Dnn/kB = 2.06 K),
belongs to a region of the phase diagram presented in [44] that
corresponds to the spin ice behavior.
4.4. Ho2Ti2O7
The Ho3+ and Dy3+ ions in titanate pyrochlores have very
similar magnetic properties. Parameters of the crystal ﬁeld
Hamiltonian operating in the space of states of the ground 5I8
multiplet of the Ho3+ ions were determined earlier in [28, 45].
In the current work, we started from these parameters and
obtained a more accurate parameter set (see table 1) from
the ﬁtting procedure based on computations of the thermal
averages (9) and (10) with the effective Hamiltonian (2)
operating in the total space of 1001 states of the 4f10
conﬁguration. The calculated crystal ﬁeld energies for several
lower multiplets are presented in table 3. We can describe
satisfactorily the neutron scattering measurements [11] and
assign most of the spectral lines in the optical absorption
spectra [46] in the corresponding frequency windows to
transitions between the ground state and the crystal ﬁeld
sublevels of the 5I7, 5I6, 5S2, 5F4 multiplets (see table 3).
However, the observed optical spectra contain a number of
extra lines of unknown nature [9, 46]. The ground state
of the Ho3+ ion, well separated by a gap δE = 240 K
Table 3. Crystal ﬁeld energies (cm−1) of the Ho
3+ ions in
Ho2Ti2O7.
2S+1LJ 0 Theory Exper. [46] 2S+1LJ 0 Theory Exper. [46]
5I8 E 0 0 5F5 A2 15548 15558
A2 167.3 E 15595
E 176.5 177a E 15598
E 210.2 210a E 15765 15757
A1 219.9 225 A2 15871
E 468.7 476a E 15890 15892
A1 546.4 540 A1 15892
A2 561.2
E 565.5 568 5S2 + 5F4
E 615.8 621a E 18567 18572
A1 643.8 632 E 18623
A1 18645 18635
5I7 E 5245 5246 A2 18714 18714
A2 5353 5357 E 18741 18742
E 5375 5384 E 18783 18766
E 5408 5412 A1 18837 18811
A1 5422 E 18869 18859
A2 5437 5436 A1 18875 18884
A1 5445 5455
A2 5473 5488 5F2 E 21214
E 5498 5502 E 21332 21341
E 5518 A1 21383 21377
5I6 A1 8789 8779 3K8 A1 21430
A2 8795 A2 21471 21454
E 8855 8840 E 21481
A1 8856 E 21492
E 8891 8902 A1 21495
E 8926 8930 E 21544
A1 8955 8950 A1 21641
E 9009 9002 E 21643 21649
A2 9044 9050 E 21663 21670
A2 21672
E 21737 21729
a Reference [11].
from excited energy levels, is the non-Kramers doublet with
the calculated g-factors gk = 19.086 and g⊥ = 0 (the
orbital reduction factor k = 0.975 was introduced to ﬁt
the measured bulk susceptibility at room temperature). The
calculated Van Vleck contributions to the low temperature
single ion susceptibilities are χV
k = 0.009 µB T−1 and χV
⊥ =
0.0194µB T−1. Neglectingthesetermsandusingthemeasured
value of the Weiss temperature θW = 1.49 K (corresponding
to the temperature range from 20 to 50 K), we obtain the
exchange energy Jnn/kB = −1.32 K from the expression (25).
It should be noted that, as follows from direct calculations, the
magnetic hyperﬁne interaction in the Ho3+ ion (the nuclear
spin I = 7/2) practically does not contribute to the dc-
susceptibility at temperatures T > 1 K.
From thesimultaneousﬁttingofthebulk(ﬁgure4)andsite
susceptibilities(measured intheﬁeld B = 1Tin[27], see inset
(b) in ﬁgure 4), we obtained the exchange coupling constants
λk = −0.0275 T/µB, λ⊥,1 = λ⊥,2 = −0.0023 T/µB, and the
corresponding value of the nearest neighbor exchange energy
Jnn/kB = −1.02 K. So, similarlytothe resultsobtained for the
dysprosium titanate, the detailed analysis of the susceptibility
of Ho2Ti2O7 in the wide temperature range brings somewhat
lower (by 12–22%) exchange energy as compared with the
estimations from the Weiss temperature (25). The obtained
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Figure 5. Calculated (solid curve) bulk susceptibility of Sm2Ti2O7
(symbols—experimental data digitized from [3]). Inset—calculated
components of the single ion susceptibility tensor.
ratio Jnn/Dnn = −0.49 (Dnn/kB = 2.07 K) is well above
the boundary value, −0.91, on the phase diagram presented
in [44], and corresponds to the spin ice behavior.
4.5. Sm2Ti2O7
The obtained set of CFP (see table 1) allows us to
reproduce satisfactorily the temperature dependence of the
bulk susceptibility of Sm2Ti2O7 measured in the temperature
range from 5 to 300 K in [3] (see ﬁgure 5). The lowest
multiplet 6H5/2 of the Sm3+(4f5) ion is split by the trigonal
crystal ﬁeld into three Kramers doublets with the following
energies and g-factors: 0 (056, gk = 0.24, g⊥ = 0),
172.4 cm−1 (04, gk = 1.36, g⊥ = 0.78), 212.7 cm−1
(04, gk = 1.7, g⊥ = 1.15). At temperatures higher than
1 K, the effect of magnetic interactions between the Sm3+
ions on the dc-susceptibility is negligible due to the large
gap between the excited states and the ground state with the
very small g-factor. In this case the single ion susceptibilities
are not renormalized (see inset in ﬁgure 5), and the bulk
susceptibility does not depend on the sample shape. The
pronouncedbroadmaximumof thebulksusceptibilitycentered
at T = 140 K is caused by thermal excitations of the excited
states with large g-factors as compared to the g-factor of the
ground state. The crystal ﬁeld energies presented above do
not agree with frequencies of the extra modes (87, 132, 158,
270cm−1)observedinthelowtemperature Ramanspectrum of
Sm2Ti2O7 and ascribed to electronic excitations (crystal ﬁeld
modes) [3]. In any case, only two crystal ﬁeld modes with
frequencies less than 103 cm−1 may be observed, and it is more
likely that the observed extra modes correspond to IR active
phonons (see [47]) which become Raman active due to crystal
inhomogeneities.
4.6. Eu2Ti2O7
The Eu3+ ion has the singlet ground state 7F0(A1), and
at low temperatures (T < 80 K) the bulk susceptibility,
Figure 6. Calculated inverse bulk susceptibility of Eu2Ti2O7 (N = 1,
λk = λ⊥ = 0, solid curve). Symbols—experimental data digitized
from [4]. Inset: calculated site susceptibilities.
as reported in [4], contains the temperature independent
Van Vleck contribution only. At higher temperatures, the
susceptibility decreases due to increasing populations of
crystalﬁeldsublevelsoftheﬁrstexcited 7F1 multiplet. Because
the relatively low lying charge transfer band [48] affects the
crystalﬁeldenergiesoftheground4f6 electronic conﬁguration,
a detailed analysis of the energy level pattern of the Eu3+
ion is a complicated problem that goes beyond the scope of
the present work. We succeeded in ﬁtting the temperature
dependence of the susceptibility (see ﬁgure 6) using the free
ion parameters given in [49] for the Eu3+ ions in Lu2O3 and
the set of CFP presented in table 1, and introducing the orbital
reduction factor k = 0.905. It should be noted that, due to
different signs of the orbital and spin moments in the states
belonging to lower multiplets of the Eu3+ ion, reduction of
the orbital magnetic moment leads to enhancement of the
susceptibility of the Eu3+ ion in contrast to the case of heavier
ionsfrom thesecond half of the lanthanideseries withthe same
signs of the orbital and spin moments in the ground state.
4.7. Er2Ti2O7
The set of CFP for the Er3+(4f11) ions (see table 1) was
obtained from ﬁtting the theoretical results to the temperature
dependence of the site susceptibilities presented in [27] and
to the energies of the three lower crystal ﬁeld sublevels
of the ground multiplet 4I15/2, as determined in inelastic
neutron scattering experiments [50, 51]. The calculated and
measured energies of the crystal ﬁeld sublevels are compared
in table 2. Similarly to the procedure employed above, the
orbital reduction factor, k = 0.98, was introduced when
calculating the single ion susceptibilities. The calculated g-
factors of the ground state doublet g⊥ = 6.546, gk =
3.01 agree with the measured saturated moment 3.25 µB
of the Er3+ ions in the magnetically ordered state [52].
The single ion susceptibilities differ signiﬁcantly from the
experimental data at temperatures below 15 K, the distinctions
between the calculated and measured longitudinal(transversal)
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Figure 7. Measured (symbols) [27] and calculated components of
the site susceptibility tensor of Er2Ti2O7 (dotted curves—single ion
susceptibilities in the crystal ﬁeld, dashed curves and solid
curves—renormalizedsusceptibilities due to dipole and
dipole + exchange interactions, respectively). Inset: the calculated
(N = 1, solid curve) inverse bulk susceptibility (symbols:
experimental data for the polycrystalline sample digitized from [8]).
susceptibilities increase (decrease) when accounting for the
dipole–dipole interactions (see ﬁgure 7). The renormalized
site susceptibilities agree with the experimental data when
introducing the anisotropic exchange interaction with the
coupling constants λk = −0.0218 T/µB and λ⊥,1 = λ⊥,2 =
−0.0741 T/µB. At high temperatures (T > 20 K), the
calculated bulk susceptibility can be formally described by the
Curie–Weiss law with θW = −20 K, which is close to the
value of −22 K obtained in [8]. At lower temperatures results
of calculations for a spherical sample match the measured
susceptibility of a polycrystalline sample [8] very well (see
inset in ﬁgure 7).
4.8. Yb2Ti2O7
Our attempts to describe the crystal ﬁeld energies of
the Yb3+(4f13) ions in Yb2Ti2O7 determined from optical
spectra [28] and the recently observed temperature dependence
of the longitudinalsite susceptibilityχk [27, 29] by making use
of a single set of CFP have failed. The gk value for the ground
doublet determined from the experimental results presented
in [27, 29] is remarkably different from the previously
published one (2.25 versus 1.79) for the impurity Yb3+ ions
in Y2Ti2O7 [25]. Also, to reproduce the variation of χk with
temperature, it is necessary to introduce an exchange coupling
constant λk that should be about an order of magnitude
larger than in other rare earth titanate pyrochlores and, in
particular, than the inter-ionic coupling constant determined
from the magnetization measurements in Yb2Ti2O7 [25]. It
seems obvious that additional experimental studies of optical
and magnetic properties of Yb2Ti2O7 are necessary to collect
mutually consistent data in order to facilitate a subsequent
theoretical analysis.
5. Summary
We have derived the expressions for the site and bulk
magnetic susceptibilities of the pyrochlore lattice in the
framework of themean ﬁeld approximationtakingintoaccount
the main (dipole–dipole and exchange) interactions between
paramagnetic ions. These expressions allowed us to analyze
the experimental data obtained in the present work and the
data published earlier and to extract information about the
crystal ﬁelds and anisotropic exchange coupling constants in
different rare earth titanates with the pyrochlore structure. In
particular, we have analyzed very interesting and unique data
ontemperature dependencies of sitesusceptibilitiesinR2Ti2O7
(R = Ho, Tb, Er and Yb) obtained by Cao et al [27] from
polarized neutron diffraction measurements. These data were
interpreted in [27] in the framework of the phenomenological
model based on the introduction of the anisotropic diagonal
molecular ﬁeld tensor. The principal shortcoming of this
model is a neglect of an off-diagonal element of the molecular
ﬁeld tensor (see equations (13)–(17) above, the off-diagonal
element
√
2D and the diagonal elements A and F have the
same order of magnitude). Our approach allows one to obtain
more reliable estimations of the molecular ﬁeld parameters
andtocompare explicitlycorrespondingcontributionsfrom the
dipole–dipole and exchange interactions.
Determination of the reliable CFP for different rare
earth ions in pyrochlores is a challenging problem due to
very limited information about the crystal ﬁeld splittings of
the ground and excited multiplets. Zero-phonon electric
dipole transitions within the manifold of the 4fN conﬁguration
energy levels are strictly forbidden, intensities of zero-phonon
magneticdipoletransitionsare negligibleor atbest comparable
to intensities of electron-vibrational electric dipole transitions
which involve creation or annihilation of phonons. Also, even
a very small concentration of defect (extrinsic) optical centers
at the sites with broken inversion symmetry, where electric
dipole transitions are allowed, can signiﬁcantly complicate
the interpretation of optical spectra [28]. In the present
work, we have demonstrated that the measured temperature
dependence of the bulk and site susceptibilities as well as
most of the existing data on the crystal ﬁeld energies of rare
earth ions in titanate pyrochlores can be successfully described
by making use of CFP which are approximately constant or
vary monotonously along the lanthanide series (see table 1).
We have shown that only minor corrections of the previously
obtained CFP for Tb and Ho titanates [28] allow us to describe
satisfactorily new experimental data (frequencies of optical
transitions and the temperature dependence of the bulk and site
susceptibilities). The set of CFP for Sm2Ti2O7 is presented
for the ﬁrst time. We have also obtained in the current work
new sets of CFP for Eu, Dy and Er titanates which satisfy
the general trends of CFP variations along the lanthanide
series. The unconventional behavior of the parameter B2
0,
which increases with the diminishing radius of the unﬁlled 4f
shell, may be caused by a speciﬁc rearrangement of the nearest
surroundings of rare earth ions in titanate pyrochlores [1, 28].
The values of the CFP presented in [27] for Tb, Ho, Er titanates
agree qualitatively with our results but bring underestimated
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Table 4. Constants of the isotropic (λis = (λk + λ⊥,1 + λ⊥,2)/3) and
anisotropic (λanis = λk − λ⊥,1) exchange interactions in R2Ti2O7 (in
units of T/µB).
Gd Tb Dy Ho Er
λis −0.112 −0.0663 −0.0253 −0.0107 −0.0567
λanis 0 −0.0190 −0.0280 −0.0252 0.0523
crystal ﬁeld splittings. The CFP obtained in [4, 22, 24, 53] for
Eu, Ho, ErandDytitanatesvary randomlyfrom onecompound
to another and cannot be related to any physical model of a
crystalﬁeld. The setof CFP obtainedinour previouswork [28]
for Yb titanate is consistent with the measured temperature
dependence of the bulk and transversal site susceptibilities,
but contradicts the experimental data [27] on the longitudinal
site susceptibility. The problem of a self-consistent description
of the optical and magnetic properties of Yb2Ti2O7 remains
unsolved.
There are evident distinctions between the experimental
data and the calculated bulk and site susceptibilities of
Gd2Ti2O7, Dy2Ti2O7 and Ho2Ti2O7 at low temperatures (T <
10 K) (see ﬁgures 1, 3 and 4). In these systems rare
earth ions have large magnetic moments, and the calculated
susceptibilities are overestimated due to neglect of ﬂuctuations
of the magnetic moments which destroy ferromagnetic dipole–
dipole correlations. Note that in the present work we have
employed the simplest (single site) mean ﬁeld approach
and have not independently varied the transversal exchange
coupling constants λ⊥,1 and λ⊥,2. However, the possibility
to use one more degree of freedom in the ﬁtting procedure
may be of importance in the analysis of future more detailed
experimental data on the site susceptibilities. We expect
that the agreement between the theoretical results and the
experimental data can further be improved by introducing a
cluster (single tetrahedron) approximation [54] that should
account for magnetic dipole interactions along with exchange
interactions.
We believe that the obtained sets of CFP and exchange
coupling constants collected in table 4 may serve as a basis for
the analysis of future experiments on the ﬁeld and temperature
dependence of the magnetization, the interpretation of optical
spectra and for calculations of the electron–phonon coupling
constants in rare earth pyrochlores.
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